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Abstract. The aim of this paper is to discuss a mathematical solution procedure to solve a
Ramsay-type growth model that explains the fundamentals of consumption and capital accumula
tion in a dynamic equilibrium setting. The problem is formulated as a system of recursive
equations and studied through some numerical experiments for the time path of the different
variables of the model under some alternative assumption for the steady-state equilibrium of the
labour market conditioning the possible singularity of the model.
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1. Introduction

The Ramsey growth model is a basic model in macroeconomics that explains the
fundamentals of consumption and capital accumulation in a dynamic rea equilib-
rium setting. It develops the standard Solow (1956) growth model by taking into
account an endogeneous determination of the level of savings. This framework
describes a closed economy populated by infinitely living firms and households. As
in this economy markets are perfectly competitive, the allocation of resources
achieved is Pareto optimal and is the same under a command and a decentralized
equilibrium. This provides a useful benchmark for studying the optimal intertempor-
al allocation of resources under various types of imperfections.

The way the Ramsay model is solved by economists and mathematicians appears
quite different. Economists put aside some mathematical particularities of this
setting, in particular the fact that this model, once it is solved globally presents some
singularities. These are due, for example, to the fact that the steady state around
which economists treat the problem, assumes full employment. This feature creates
problems for the mathematicians. On the other hand, mathematicians would adopt
some solution procedure putting aside this singularity problem by assuming, for
example, that steady-state labour supply and demand are different. This assumption
is regjected in the economic analysis, as the Ramsey model belongs to a classical
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approach of studying growth theory in a classical full employment setting. By such,
a simplified global solution procedure in mathematics requires some particular
assumptions in economics.

The aim of this paper is to bridge the gap between these two ways of solving the
Ramsey growth model. To do so, we apply a global resolution method that allows
one to treat the economic problem by taking into account explicitly both the labour
and the goods market (the capital market is omitted according to Walras law). The
version of the model that is adopted in this paper presents some differences from
standard textbooks or research articles that adopt this framework (see, for example,
Blanchard and Fischer (1989) or Barro and Saai-Martin (1995) for a standard
presentation of the Ramsey model). It is presented in discrete time, and variables are
not expressed in terms of level by inhabitants, in order to outline the influence of the
assumption of full or underemployment in steady state, which in turn determines the
possibility of singularities in the model. By such, the weight that is given to the
labour market is quite heavier that is usually done.

The paper is organized as follows: the first part presents a deterministic discrete
time version of this model. We study the determination of the equilibrium in the
decentralized version of the model to provide a precise description of al the agents.
In the second part we present the first-order conditions that characterize the optimal
behaviour of the private sector and the log-linearized model of this version of the
Ramsey model around its steady state, in order to outline its recursive structure. The
third part presents the mathematical treatment that is used for solving the model,
while the last part explores some numerical experiments for the time path of the
different variables of the model under alternative assumption for the steady-state
equilibrium of the labour markets conditioning the possible singularity of the model.

2. A decentralized macroeconomic setting

The model describes a decentralized closed economy, made up of three markets (for
labour, capital and goods and services). As it is populated by identical households
and firms, it is simpler to solve the model for a representative household and a
representative firm. Both types of agents have perfect foresight and live for ever. At
each point of time, the representative household decides how much labour and
capital it wants to rent to firms and how much to save and consume in order to
maximize its welfare. As it can choose to keep its savings either by accumulating
capital or financial assets, the rental cost of capital must equa the net rate of
interest. The representative firm rent the services of capital and labour to produce
output. Both agents behave competitively, so they take as given both the real wage
and the real rate of interest. Their decisions are made compatible at the macro-
economic level through the working of markets with flexible wages and real rate of
interest. Applying Walras law allows one to solve the general equilibrium of the
model only with reference to both the labour and the goods and services market.
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This subsection describes more formaly these ideas and outlines the main
differences between the version of the model that is used in this paper and its
standard economics textbook version.

2.1. THE REPRESENTATIVE HOUSEHOLD

In this economy, households provide labour services in exchange for wages, receive
interest income on assets, purchase goods for consumption and save by accumulat-
ing additional assets. Assuming a rental cost of capita equal to the rea rate of
interest, allows one to simplify the model by assuming that households hold assets
only in the form of ownership claims on capital. These decisions are made at each
point of time in order to maximize a welfare function V depending upon
consumption. In this paper we keep Ramsey’s assumption concerning the fact that
utility does not depend on work effort. assuming time separability in the preferences
of this agent, allows one to define this function as the sum of the present value of
current and future instant utility, i.e.:

M
m=§f“wgﬂ)
whereM € N, (M great), C, is consumption at time t, 0 << 8 <1 isthe psychological
discount factor that is defined according to 8 = 1/(1 + p) (p representing the rate of
time preference). Standard assumptions are made on U(-), so that it is a non-
negative and concave increasing function of consumption. In this paper, we
speciaize U(-) to the Constant Intertemporal Elasticity of Substitution (CIES) case,
so that the objective function of the representative agent that is used below can be
written as:

1-1/o
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where o = 1 represents the elasticity of intertempora substitution in the household
consumption across periods. A smaller vaue indicates that the representative agent
wishes to keep a relatively more stable consumption level from period to period.
Inversely, if o — o the agent does not care on its consumption profile, so that the
level of C, can highly fluctuate between two points of time. If o =1, utility is
logarithmic. Setting t:=s—t,, y:=1—1/o0 and N:=M —t, (1) reduces to

N Ct'y
%=§E7n 2)

The representative agent maximizes (1) given its Budget constraint, that is defined
for period t according to
WLI + RIthl = Ct + K[ " (3)

It takes as given the gross real interest rate R, = (1 +r,) wherer, is the real interest
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rate in the economy between (t —1) and t as well as the rea wage (W) that it
receives for working L,. In (3) K,_, represents the stock of capital available at
period (t—1) by the representative household. The economic problem of the
household in period t is to choose the value of (C,, K,) so that it can maximize (2)
given (3). Labour effort is not a control variable in the consumer problem. As will
be outlined below, we simplify this aspect by assuming that the agent passively
adjusts its labour supply to labour demand in order to maintain the equilibrium of
the labour market. Although this assumption would appear economically tricky it
simplifies the mathematical computation of the problem without affecting the main
results concerning the resolution of the singularity of the model.

2.2. THE REPRESENTATIVE FIRM

The representative firm produces output according to a macroeconomic production
function that combines capital and labour. For convenience we assume that it has
access to a standard Cobb—Douglas technology:

Y = AKP L) 4)

where Y, represents the level of goods supply, A, the state of technology, Lf' the
quantity of labour it can hire on the market and 0 < o < 1. We assume that capital
depreciates at a rate of § €]0, 1[, per unit of time.

At each point of time, the objective of the representative firm is to maximize its
profit defined here as the difference between output and the real cost of production.
The latter is made up of two components: salaries WL ! and the cost of using capital
(r, + 6)K,_;. Thefirst term of this last component defines the rental cost of capital
that is paid to the household, while 6K, represents the capital worn out cost. For
convenience, we re-express the cost of using capital as [(R, — 1) + §]K,_,. Given
these elements, the representative firm chooses the value of (Lf, K,), in order to
maximize its profit function defined according to

0= AK{ (L) = WL = [(R — 1) + 81K, , (5)
2.3. EQUILIBRIUM CONDITIONS

In this non-monetary economy, agents interact on the labour market, on the goods
and services market and on the financia market. Applying Walras law, one just
needs to characterize equilibrium on the first two:

Li=L¢ (6)
and
=3 (7)

where |, =K, —K,_, represents the level of investment in the economy and
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S =Y, —C, the level of savings. In this model, the labour market determines the
wage level, while the market for goods and services determines the real interest rate.

3. A recursive presentation of the Ramsey problem

Having presented the decentralized economic problem, we can now go through the
derivation of the first-order conditions that characterize the optimal behavior of the
representative agents. Once obtained, these expressions are log-linearized around the
steady state of the model in order to outline the recursive structure of the economic
problem in this modified Ramsey framework. This treatment is implemented
successively for both the representative agents taken individually and, eventually,
for the economy as a whole.

3.1. THE REPRESENTATIVE HOUSEHOLD PROBLEM

Given the assumptions presented above, the representative household solves

N Y

(o go Py (8)
subject to
WLtS+Rth—1:Ct+Kt' (9)

Forming the Lagrangian

N
Li=> L

i=0

where

Y

. C.
L= BI 7|+)\i(vvll—is+ RK_;—C — Ki)

and using the expression

Y

< t Cty s t+1 Ct+1
L=2 L+ B+ MWL+ RK = C =K+ 7 =2

N
+ /\t+1(V\4+1LtS+1 + Rt+1Kt - Ct+1 - Kt+1) + E I-i )

i=t+2

we write the first-order optimality conditions

oL oL oL
- 0%c =0k =

0.

Here we have
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oL s

a—/\t:WLt TRK ;=G — K, (10)
oL

a—Kt:_)tt—i_Rt+1/\t+l’ (11)
oL _

aC, = Btcty t- A (12)

Defining the index of relative consumption risk aversion as n:=1— vy =1/0, we
may write

A=p'C”

and use this last expression in (10) and (11) to obtain (forany 1<t<N—-1,tEN)
a system made of the budget constraint and of the intertemporal Euler condition:

WL +RK,_; =C ~K =0, (13)
—C/ "+ BR..CL =0, (14)

Formula (14) indicates that the household cannot gain from a shift in its
consumption across time, once it has reached the maximum level of welfare. Indeed
a unitary consumption reduction in period t lowers its utility by —C,". The
consumption unit thus saved can be converted in capital that alows, in period
(t+1), R, units of consumption. This, in turn, increases utility by R ,,B8C,.
The intertemporal Euler condition thus simply states that at the optimum these two
guantities are the same.

The objective function in (8) is concave while the constraint in (9) is linear.
Moreover, the bordered Hessian associated to Problems (8) and (9) is given by

11 1
H(K, L) =<1 0 0 )
10 B'(y-1cy?
It is clear that det H, >0 for (K,C)ER, XR,\{0,0} so that the second-order
optimality condition is satisfied on R, X R, \{0, 0)}.
Let us now apply the log-linearization principle (see, e.g., Uhlig (1998)) to the
system (13)—(14). It consists of using a first-order Taylor approximation around the

steady state so as to replace the nonlinear model by a linear one in the log-
deviations of the variables. Formally, if X, denotes a variable, then we may write

X, =Xe* (15)

where X denotes the steady state and x, the log-deviation of the variable X,. Note
that

X, +In(X) = In(X,) . (16)

On the other hand, for x, small around zero, we have
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eN=1+x . (17)
One first notes that the steady-states variables K, L, W, C, R, satisfy the relations
WL*+RK ~C—-K =0, (18)
~C "+ BRC"=0. (19)

The constant C being nonzero, (19) is equivalent to BR— 1= 0, so that
r=p

wheret =R—1, i.e,, at the steady-state individual and social rate of time preference
are the same. From (13) and (18), we obtain

Kk, —RKk, , +Cc, =WL W, +WL°I? +RKr, . (20)
On the other hand, using (14) together with (19), we get

BRNC, ., — MG, = BRI, ; .
The last relation being true for any 1<t<N-—1, tEN, we may write

Bﬁnct —MNC_, = ,BFQrt .

for any 2<t<N, teN. Assuming that the last relation holds also for t=1 and
using the relation BR= 1, we obtain the recursive equation (for 1<t=<N, teN).

nC — M€ =T (21)

Thus, the behaviour of the representative household can be characterized through the
following recursive model:

A X =BX_,+F, (22)

where

CI rt
% :<kt> R =<—wrw BRE +§th) ’
and

(2 9 oy %)
C K 0 RK

3.2. THE REPRESENTATIVE FIRM PROBLEM

Given the assumptions of the model, the representative firm solves (at time t = 1)
the problem:

max II,,
KigLf
where 11, is defined in (5).
The first-order conditions of optimality are
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oI, oTl,
K4

i.e., the return on production factor is given by their marginal productivity:

R =aAK (L) " +(1-9), (23)
and

W= (1- a)AKT (L)~ (24)
Using (4), we can also write

RK, ,=aY,+(1-8)K, ,, (25)
and

WL =(1- @)Y, (26)

Relation (25) expresses that the returns equa the capital share plus one minus
depreciation while relation (26) means that the wage payments equal the labour.
Note here that the Hessian matrix of II is given by

ale —DAKIZL) ™ a(l- a)AKIL) @ )

H{K._,,L)= - _ o
e L) (a(l—a)Ath‘f(L?) e - DAKE LY

It is easy to see that H, is negative semidefinite as soon as (K, ,,L)ER, X
R,\{9,0)}. The second-order condition of optimality is therefore satisfied on
R, xR, \{9,0)}

Proceeding as before, let us first use the recursive model (4), (25) and (26) to
deduce equalities satisfied by the steady-state variables K, L, R and W, i.e.

WLY = (1— a)Y (27)
Y =AK*(LY) (28)
RK=aY+(1-8)K. (29)

Let us now write the linearized model to describe the form program. From (4), we
get

In(Y,) =1In(A) + e In(K, ;) + (1 — a)InlLY) (30)
and then using the ‘log-deviation’ notations as above and (30), we see that

y—ak , —(1-a)li=a. (31)
From (25), we get

RK et 1=qgYe + (1—§)K e

and the linearized model
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RK(L+r, +k_,)=aY(1+y)+(1—8)KIL+k_,),
that is

K(R—(1—-8)k,_, —aYy,= —RK + aY + (1 — 8)K —RKr, .
Then using (29), we may write

aYk, , — aYy, = —RKr,. (32)
Now, using (26), we obtain

In(W) + In(L{) = In(1 — @) + In(Y,)
and thus using (27), we get

1=y, = —w,. (33)
So, from Egs. (31)—(33), we get the recursive model

AQ=BQ, ., +G,

where
Yi 31_
Q= k |, G, = —RKr,
I? —W
1 0 a-1
A= —-aY O 0
-1 0 1
and
0 a 0
B,={0 —aY 0.
0 0 0

Note here that the matrices A, and B, are singular.
3.3. THE EQUILIBRIUM PROBLEM

Combining the recursive relations obtained above, we can formulate the firm—agent
equilibriun problem through the equilibrium conditions (6) and (7). So, the
equilibrium problem is characterized by the following system of recursive equations

nC, —r,—mn¢_, =0,

Kk, +Cc, ~RRk . —WL*w, —WL1® —RKr, = 0,
Yi _akt—l_(l_ a)lf =a,

—c&yl + avkt_l +§th =0,

Id—y, +w, =0,
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Ed
15 —19= In<——> ,
t t Ls
Kk, —Kk,_, —Yy, +Cc, =Y -C

As noted above, the representative household passively adjusts the growth rate of its
labour supply so as to compensate the difference between the growth rate of labour
demand and the steady-state differential between labour supply and demand (sixth
line of this system). This characteristic will induce the possibility of singularity in
this version of the Ramsey model. In matrix form, we obtain the second-order
recursive system:

AZ,=BZ, , +H,, (34)
where
C 0o
: ] 0
—_— a‘t —_—
t[ ] 0 ]
_— (Ed)—
S_ Nl == | =
oL Y-C L
1. 0 0 0 0 0o _
¥ mk o wr W o [
0 0 0 1 0 0 a-1_
A=:£ RK 0 —-aY O 0 0
o 0 -1 1 0 1
} 0 0 0 0 I
0 K -Y o 0 o L
and
0O 0 000 0_
:g 0 RK 0 0 0 Of |
00 a 000 0_
B=1 0 —aY 0 0 0 0
O 0 000 o
:g 0 0 00 0 O[]
0o K 00 o o

4, Mathematical treatment of the model

The aim of this section is to discuss the essential mathematical techniques we will
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use to solve the aforementioned model. The problems considered in this paper are
formulated as linear systems of difference equations like

EU,=FU,_, +§

An inherent property which makes this system simple to deal is the superposition
principle, ensuring that any solution can be written as the sum of the general
solution of the associated homogeneous problem and a particular solution. A
particular solution can be found by using the z-transform approach (see, e.g., Vich
(1987)). If the matrix E is regular the general solution of the homogeneous problem
can be found easily. If the matrix E is singular, then some appropriate methodology
must be applied.
Let us first consider the homogeneous recursive system

EU,=FU, ,. (35)
If the matrix E is regular then

U =E'FU, ,
and the general solution U, , of (35) is given by

U..=E 'F)C

for some arbitrary vector C.

If the matrix E is singular then some appropriate mathematical methodology
needs to be applied. Let us first consider the homogeneous problem. We suppose the
existence of A € R such that (AE + F) is regular. One sets

E,=(AE+F)'E
and
F.=(AE+F)'F.
Remarking that AE, + F, =1, we obtain in multiplying (35) by (AE + F)*
E/\Ut = 'E/\Ut—l =( - )lEA)Utfl .
The Jordan form of the singular matrix E, is
~ (W O0\r-1
e =7(o T

where W contains al the Jordan blocks corresponding to the nonzero eigenvalues of
E, and N is nilpotent of order ». We have

(-2&)=Tr*=at({ )T

=1(" " T

So, from (35), we deduce the system
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(Y )T u=7("" MW | 2 )T (36)
Multiplying (36) by T * and setting V" = (T ~*U,)®,

W = (1 —awyv®, (37)

NV® = (1 — ANV, . (38)

Relation (37) gives

VP =W - AWV,
whose general solution is

ViV =W - aw)'D,

where D is some arbitrary vector (with the appropriate size). From (38), we obtain
that

V@ =1 —=AN)'NVP = (1 —AN) 'N'V? _ =0.

It results that necessarily V{® = 0. So, the genera solution U,,, of (35) may be
written as follows

U, = T<(W‘1(| BAW))tD> _

Let us now consider the nonhomogeneous system
EU,=FU,_, +85. (39)

A particular solution U,, may be found by means of the z-transform method.
Indeed, let U(2) and S(2) denote the z-transforms of U, and S, respectively. We have

EU@ =2z ‘FU@ + Y2
and thus
U@ =@EE-F) 'S2). (40)

If I' is a closed Jordan curve around zero enclosing all the poles of the function
¢: C - C defined by

¢(9 = (E-F) 'S27

then

1
Upe =57 . 4@ dz. (41)

S0, the general solution of Problem (39) is given by
U=U,, +U,,,
that is
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U =(E 'F)C+ %j; (ZE—F) 'S2)Z dz
if E is regular, and
U = T<(W7 3 AWWD) b jgr (E-F) 'S@)7 dz

if E issingular. In this last case we have

U, = T(B) + %i E - F) ') dz,

so that the initial data must satisfy the compatibility conditions

U@ = (T(g))(z) + % f}@r (E - F)'S2)? dz.

5. Numerical experiments

Let us now apply the mathematical treatment outlined in the previous paragraph to
the system (34). Let us first remark that
det(A) = pRK?(1 — &)(WL® — (1 — a)Y).

If det(A) # 0 then problem (34) can be solved for any initial conditions. However,
there exist various possibilities for A to be singular. Among them, one is particularly
appealing in macroeconomics as it corresponds to full employment in the steady
State:

Ls=L" (42)
In this case,

det(A) = 7RK*(1 — )WL — (1= @)Y),
and recalling (27), we see that det (A) = 0. It results that the matrix A is aways
singular in this case. In what follows we present the result of our numerical

experiments for two situations: the first one in which condition (42) is violated, the
second in which (42) holds.

5.1. THE REGULAR CASE

Suppose that o =2, § =0.1, « = 0.7, B =0.9615485 W=1, L=1 and L® = 1.5,
We deduce from these data and relations (18), (19), (27), (28) and (29) that n = 0.5,
A=0.465141, R=1.04, Y=5, K= 25 and C = 2. Here det(A) # 0 and the genera
form of the homogeneous solution is

U,.=(A'B)'C
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where C is some arbitrary vector in R’. Suppose now that a, =0 for t<0 and
a,=at+b for t =0, we obtain

3 T
az bz I”(E)Z 3z
H(Z)=<0 0 (Z—l)2+z_1 0O 71 7.1

and a particular solution is given as

L R
6 N\ 2

B ) 1 20, 10
3In(2 -1- 3at— 3b—
3) 1 20, 10
}In(2 -1- 3 a— 3b

Suppose now that the initial conditions are given by

Co

oL

Then we obtain

C,t1-—

-
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Figure 3.

The result that we obtain from the simulations are presented in Figures 1-3. This
case is very particular in economics, as it assumes over-employment in the steady
state (i.e., L® >L%). For the labour market to be in equilibrium (condition (6)), this
requires either that 1°>1¢>0 or I <I°<0. In both cases, the value of I?
determines the evolution of labour market equilibrium. This is graphically character-
ized by an acceleration in the rate of its decrease, as through (31), If’ is negatively
related to a, > 0. By the same relation, the positive rate of technological progress
reduces the capital stock. Through Figure 1, it must be noted that, as the rate of
reduction in the labour force is greater than that of capital desaccumulation,
marginal productivity of labour rises which, in turn, increases the growth rate of the
real wage (Figure 3). As both labour and capital growth rate are negative o is that
of activity. In this situation, the adjustment of the goods market portrayed in Figure
2 can be explained as follows: (1) because of capita desaccumulation, investment
falls. On the other hand, (2) as consumption growth rate is either slightly negative or
is positive, while the rate of fall in output is aways greater, savings decrease in this
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economy. The magnitude of these two effects is comparable, which eventually has
no clear impact on the real interest rate to keep the equilibrium of the goods market.

5.2. THE SINGULAR CASE

The singular case corresponds to a situation in which full employment holds in the
steady state. This situation is the one that is commonly postulated in economics. As
shown in Figures 4-6, the time path of the different growth (or decrease) rates is
totally different from the previous situation. The time paths are presented for the
following value: o =2, § = 0.1, = 0.7, = 0.9615385, W=1,L°=1and L" = 1.
As in the previous case, we obtain that » = 0.5, R=1.04, A= 0.456141, Y = 10/3,
K =50/3 and C =5/3. Here det(A) = 0. On the other hand

det(A+B)#0
and

—1p _ (W 0\r-1
a+B)a=T( )T

T T T T
© o & 4
i b ¢y sor
k
701
] 8ol
a
601
° 70|
sok A
°
sol
4o 0 a
o -]
30| o o ° sor 4
a
20 praa .
a
10 20k .
a
o} + + + + + + + + + 208
L ¥
() 1 2 3 4 5 0] 7 [} [ 10 o f s 3 " . + ¥ . . 0
Flgure 4. F|gure 5.

L L L L s 2 ) L L
o 1 2 3 4 5 6 7 8 8 10

Figure 6.
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with
il 2B !
W—dlag{97,l,1,l,1,1 ,
N=0
and
_ 194 14
t 9 0O 0O0O0OO 9
— 679 35 7 =
— 268 52 0 00O 9 M
L 10 0O 0O0O0OO 1 |
97 52
— 9 6 1 0 0O 9
679 32 364 -
—2r 3 1100 ~%r
| Joo 88 ., 520 ||
27 3 27
9 8 ., 50
— 27 3 27
So, the general form of the homogeneous solution is
14 t
Uh,t=T<(W (IOW)) D>,

where D is some arbitrary vector in R°. We have, for t=1,

W —W))' = diag{ (%)t, 0,0,0,0, 0}

and thus

T

(W*1(|—W))tD=((?1—;>tDl 0000 0)

It results that for t =1,

93
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Let a, be defined as in Example 5.1. Here we have

az bz 2z \"T
H(Z)—<0 0 m%—ﬁ 0 0O Z—l>

and a particular solution is given as

-1
[] o []
D 10 _110 D
U,=[] zta+tzb []
F3a-3o-1[]
Ejr%ota—%ob—lm

Note that

-1

[] o []

VR

uh,0+up,0=T(3)+|:| 3 b D

The result that we obtain from the simulations are presented in Figures 4—-6. The
main difference between this situation and the regular case, comes from the fact that
the equilibrium of the labour market at each point in time no longer requires a
difference between the growth rates of labour supply and demand, and by so, is ho
longer determined primarily by relation (31) and I =1, In this case, for a positive
redisation of a,, the labour market displays an increase in employment and a
reduction in the real wage, while the magnitude of the decrease in the capital stock
is comparable as in the regular case. It is by such easy to explain the decrease in the
real wage as the increase in the labour/ capital ratio reduces the margina productivi-
ty of labour. The positive growth rate of labour and the dightly negative value for
capital lead to an increase in the growth rate of activity. On the goods market,
because consumption preferences are biased towards the present, the growth rate of
consumption is greater than that of activity and savings decrease more and more
rapidly as time passes. As the growth rate of capital desaccumulation is constant,
investment monotonically decreases, inducing an increase in the real interest rate to
preserve the equilibrium of the goods market.
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6. Conclusion

The aim of this paper has been to study the regularity of the Ramsey growth model.
The way the problem has been presented allowed us to link the singularity of this
model to the steady-state difference between labour supply and labour demand.
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